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of the Tate–Shafarevich group.
© 2015 The Author. Published by Elsevier Inc. This is an 
open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction
In this article we construct a family of curves C of genus 2 over a ﬁeld k of character-
istic not 2 or 3, with Jacobian J , where J [5](k¯) contains a group Σ of order 25 which is 
deﬁned over k. As we show in Section 2, when C has the form
y2 = F (x) = λG(x)2 + H(x)5, (1)
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λG(x0)) − ∞], where x0 is the root of H(x) and ∞ is the point at inﬁnity on the 
curve, represents a point in J [5](k¯), as can be seen from the fact that 5D is linearly 
equivalent to the divisor of the function y − √λG(x). Furthermore the group generated 
by D is deﬁned over k.
In Section 2, we shall describe curves which can be written in the form (1) in two 
ways, such that Σ ⊂ J [5] is maximally isotropic with respect to the Weil pairing, so that 
J˜ = J/Σ is also principally polarized and in fact has a Σ∨-level structure. In Section 3, 
we shall give an explicit family of such curves and in Section 4 we identify a curve C˜r
such that its Jacobian J˜r is Jr/Σ. This gives rise to a (5, 5)-isogeny φ : Jr → J˜r, deﬁned 
over k, and a dual isogeny φ˜ : J˜r → Jr such that φ˜ ◦ φ = [5]. The explicit derivation 
of the model of C˜r and the isogeny φ will require some signiﬁcant computation on the 
Kummer surface.
In Section 5, we describe explicitly how to perform a descent via (5, 5)-isogeny, which 
allows us to compute a bound on the rank on J(k), and to obtain information about 
X(J/k)[5], using ideas from [3] and [6]. This allows us to give an example of an absolutely 
simple abelian surface with nontrivial elements of X(J/Q)[5]; as far as we are aware, 
this is the ﬁrst such known example.
The broad strategy will be similar to that developed for (3, 3)-isogenies in [2], using 
maps on the Kummer surface, but with considerably greater computational complexity, 
due to the larger dimensional space of quintics required here and the fact that, for our 
family, the members of the kernel are not individually deﬁned over Q. We shall also, in 
our second example, use a ﬁnesse in which a nontrivial element of X(J/Q)[5] is exhibited 
using the easier direction of the (5, 5)-isogeny which requires only quadratic number ﬁelds 
for the descent map.
2. Five-torsion on genus two Jacobians
Let k be a ﬁeld of characteristic diﬀerent from 2, 3 and let C be a smooth projective 
curve of genus 2 over k given by an aﬃne model
C: y2 = F (x),
where F (x) ∈ k[x] is of degree 5 or 6 (this only mildly restricts the admissible C if k is 
a ﬁnite ﬁeld of 5 elements). Let J be the Jacobian of C. The group J(k) is isomorphic 
to the group of divisor classes of k-rational degree 0 divisors on C. Since C is of genus 2, 
every degree 0 class contains a representative of the form
D − κ,
where D is an eﬀective divisor of degree 2 and κ is an eﬀective canonical divisor. Further-
more, for any non-principal class, the divisor D is unique. In the following, our curves 
will all have F (x) of degree 5 and we shall take κ = 2∞.
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C: y2 = F (x) = λ1G1(x)2 + H1(x)5 = λ2G2(x)2 + H2(x)5,
where H1, H2, G1, G2, F ∈ k[x], λ1, λ2 ∈ k×, G1, G2 are of degree 2, H1, H2 are of de-
gree 1 and gcd(H1, H2) = 1. Then Pic(C/k¯)[5] has a subgroup Σ of size 25 which is 
deﬁned over k.
Proof. For each i = 1, 2, let xi be the root of Hi, and let Ti = [
(
xi, 
√
λi Gi(xi)
)−∞]. By 
considering the divisor of the function y − √λiGi(xi) we see that 5Ti = O, the identity, 
and Ti has order 5. Furthermore, 〈Ti〉, the group generated by Ti, is:
0Ti = O,
1Ti = [
(
xi,
√
λiGi(xi)
)− ∞],
2Ti = [2
(
xi,
√
λiGi(xi)
)− 2∞],
3Ti = [2
(
xi,−
√
λiGi(xi)
)− 2∞],
4Ti = [
(
xi,−
√
λiGi(xi)
)− ∞],
so that 〈Ti〉 is deﬁned over k. Furthermore T2 /∈ 〈T1〉, so that 〈T1, T2〉 is of order 25 and 
is deﬁned over k. 
The torsion subgroup scheme J [5] comes equipped with a non-degenerate, bilinear, 
alternating Weil pairing
e5: J [5] × J [5] → μ5,
where μ5 is the group scheme representing the ﬁfth roots of unity.
We say that a subgroup Σ ⊂ J [5] is isotropic if e5 restricts to the trivial pairing on Σ. 
If Σ is of degree 25 then Σ is maximal isotropic, meaning Σ is not properly contained 
in an isotropic subgroup. From the properties of the Weil pairing, there is an induced 
isomorphism J [5]/Σ → Σ∨ = Hom(Σ, μ5). In fact, we have a direct sum decomposition 
J [5] = Σ ×Σ∨. In particular, if Σ = Z/5 ×Z/5 then we have Σ∨ = μ5 ×μ5. The isotropy 
guarantees that J/Σ is principally polarized.
Ed Schaefer has communicated the following lemma and proof, which gives the re-
quired property of the Weil pairing in our case.
Lemma 2. Let p be an odd prime, k be a ﬁeld of characteristic 0, C/k be a curve of genus 
greater than 1, C(k) = ∅, J be its Jacobian, α, β ∈ J [p] and μp  K(α, β) (the minimal 
ﬁeld of deﬁnition of α and β over k). Then ep(α, β) = 1.
Proof. Since C(k) = ∅ there are degree 0 divisors Dα and Dβ, deﬁned over K(α) and 
K(β) respectively, with disjoint supports, such that α = [Dα] and β = [Dβ ]. There are 
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pDα and divis(fβ) = pDβ . Using the Weil reciprocity deﬁnition of the Weil pairing on a 
Jacobian, we have ep(α, β) = fβ(Dα)/fα(Dβ) and ep(α, β) ∈ K(α, β) ∩ μp = {1}. 
The above motivates that we should expect to be able to ﬁnd an isogenous Jacobian. 
In Sections 3, 4 we shall ﬁnd a family of curves Cr and C˜r, and the computation in 
Section 4 will show independently that there is an isogeny between the Jacobians Jr
and J˜r with kernel Σ.
3. A family of genus 2 curves with a maximal isotropic (Z/5)2 in J [5]
Let k be a ﬁeld of characteristic diﬀerent from 2, 3 and let r ∈ k. In this section we 
derive a genus 2 curve Cr over k with two non-trivial divisor classes T1, T2 ∈ Pic(Cr/k)[5]
with T1 /∈ 〈T2〉 and e5(T1, T2) = 1.
In order for C to have the form given in Lemma 1, we shall apply a linear transfor-
mation to map the roots of H1, H2 to r, 0, respectively, and assume H1(x) = x − r, 
H2(x) = x. Then λ1G1(x)2 + H1(x)5 = λ2G2(x)2 + H2(x)5. Let Fi(x) =
√
λiGi(x) so 
that F1(x)2 + H1(x)5 = F2(x)2 + H2(x)5. Then
(
F1(x) + F2(x)
)(
F1(x) − F2(x)
)
= x5 − (x − r)5 = w1w2,
where
w1 =
√
r
2
(
(5 +
√
5)x2 − r(5 +
√
5)x + 2r2
)
,
w2 =
√
r
2
(
(5 −
√
5)x2 − r(5 −
√
5)x + 2r2
)
.
A natural approach here would be to solve F1, F2 for F1 + F2 = w1, F1 − F2 = w2, that 
is, F1 = (w1 + w2)/2 and F2 = (w1 − w2)/2. This gives:
F1(x) =
√
r
2
(
5x2 − 5rx + 2r2), F2(x) =
√
5r
2 x(x − r).
These are each of the required type, and they satisfy the required F1(x)2 + (x − r)5 =
F2(x)2 + x5, but y2 = F1(x)2 + (x − r)5 = F2(x)2 + x5 has a repeated root at 0, and so 
is not of genus 2.
Instead we vary the above idea, by taking any unit u in the ring of integers of Q(
√
5), 
such as u = (1 +
√
5)/2, and now adjust by taking: v1 = uw1 and v2 = (1/u)w2. We now 
take F1 = (v1 + v2)/2 and F2 = (v1 − v2)/2, so that F 21 − F 22 = v1v2 = w1w2. This gives
F1(x) =
√
5r (3x2 − 3rx + r2), F2(x) =
√
r (5x2 − 5rx + r2).2 2
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order to clear denominators, we replace x, y with x/4, y/2, giving
Cr : y2 = 5r(3x2 − 12rx + 16r2)2 + (x − 4r)5
= r(5x2 − 20rx + 16r2)2 + x5.
This can be summarized as follows.
Lemma 3. Let G1(x) = 3x2 − 12rx +16r2, G2(x) = 5x2 − 20rx +16r2, λ1 = 5r, λ2 = r, 
H1(x) = x − 4r and H2(x) = x, for r ∈ k×. Then
Cr: y2 = F (x) = λ1G1(x)2 + H1(x)5 = λ2G2(x)2 + H2(x)5,
has T1 = [(4r, 16r2
√
5r) − ∞], T2 = [(0, 16r2
√
r) − ∞] in J [5], with 〈T1, T2〉 deﬁned 
over k.
We note also that the curve C1 can be shown to have absolutely simple Jacobian, 
using the technique in [7] at the prime 19. Since this is a family of quadratic twists, they 
are geometrically the same curve, and so each Cr has absolutely simple Jacobian.
4. The isogeny
We consider the curve Cr as deﬁned in Lemma 3 and its Jacobian Jr. In this section we 
determine a curve C˜r whose Jacobian J˜r is isogenous to Jr via an isogeny φ : Jr → Jr/Σ, 
where Σ = 〈T1, T2〉. We do so by determining the corresponding map between their 
Kummer surfaces.
For C a general curve of genus 2 given by a model
C: y2 = f6x6 + f5x5 + · · · + f0,
with Jacobian J , we follow [4, p. 17] and choose a particular set of coordinates for the 
Kummer surface, given by ξ = ξ(D) = ξ0, . . . , ξ3 as functions on J in terms of a divisor 
class D = [(x1, y1) + (x2, y2) − κ] on C as follows.
ξ0 = 1, ξ1 = x1 + x2, ξ2 = x1x2, ξ3 =
Φ(ξ0, ξ1, ξ2) − 2y1y2
ξ21 − 4ξ0ξ2
, where
Φ(ξ0, ξ1, ξ2) = 2f0ξ30 + f1ξ20ξ1 + 2f2ξ20ξ2 + f3ξ0ξ1ξ2 + 2f4ξ0ξ22 + f5ξ22ξ1 + 2f6ξ32 .
(2)
The quartic equation for the model of K arising from these coordinates has the shape
K: (ξ21 − 4ξ0ξ2)ξ23 + Φ(ξ0, ξ1, ξ2)ξ3 + Ψ(ξ0, ξ1, ξ2) = 0,
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observation is that one can read oﬀ the coeﬃcients f0, . . . , f6 directly from Φ and thus 
recover C from it.
Let C = Cr. In order to produce Σ-invariant forms on Kr, we use biquadratic forms 
from [4, p. 23], arising from the addition structure on Jr. For i, j = 0, . . . , 3 we have 
forms
Bi,j ∈ k[ξ0, . . . , ξ3, ξ′0, . . . , ξ′3],
biquadratic in (ξ0, . . . , ξ3) and (ξ′0, . . . , ξ′3) such that for points D1, D2 on Jr we have, as 
projective matrices,
(
ξi(D1 + D2) ξj(D1 − D2) + ξi(D1 − D2) ξj(D1 + D2)
)
=
(
Bij(ξ(D1), ξ(D2))
)
.
(3)
Let T1, T2 ∈ Jr[5] be as in Lemma 3, that generate Σ, write ξ(T1), ξ(T2) for the coordinate 
vectors of their images on the quartic model of Kr and deﬁne
Rij
(
ξ0, . . . , ξ3
)
= Bij
(
ξ0, . . . , ξ3, ξ(T1)
)
,
Sij
(
ξ0, . . . , ξ3
)
= Bij
(
ξ0, . . . , ξ3, ξ(T2)
)
,
R′ij
(
ξ0, . . . , ξ3
)
= Bij
(
ξ0, . . . , ξ3, ξ(2T1)
)
,
S′ij
(
ξ0, . . . , ξ3
)
= Bij
(
ξ0, . . . , ξ3, ξ(2T2)
)
. (4)
We see that the quintic forms
Rijkl = ξiRjkR′lm + ξiRjlR′km + ξiRjmR′kl
+ ξiRklR′jm + ξiRkmR′jl + ξiRlmR′jk
+ ξjRikR′lm + ξjRilR′km + ξjRimR′kl
+ ξjRklR′im + ξjRkmR′il + ξjRlmR′ik
+ ξkRjiR′lm + ξkRjlR′im + ξkRjmR′il
+ ξkRilR′jm + ξkRimR′jl + ξkRlmR′ji
+ ξlRjkR′im + ξlRjiR′km + ξlRjmR′ki
+ ξlRkiR′jm + ξlRkmR′ji + ξlRimR′jk
+ ξmRjkR′li + ξmRjlR′ki + ξmRjiR′kl
+ ξmRklR′ji + ξmRkiR′jl + ξmRliR′jk,
with i, j, k, l ∈ {0, . . . , 3}, are invariant under translation by T1. Similarly the forms Sijkl, 
deﬁned as above but with each R, R′ replaced by S, S′, are invariant under translation 
276 E.V. Flynn / Journal of Number Theory 153 (2015) 270–282by T2. The Rijk and Sijk each generate spaces of dimension 12 that intersect in a space 
of dimension 4. This intersection provides us with a map on the Kummer surface of Jr.
We ﬁnd a basis ξ˜0, . . . , ξ˜3 for φ∗(OJ˜r (2ΘJ˜r)) that is the pullback of a basis of the type 
described by (2). We can then read oﬀ the curve C˜r, at least up to quadratic twist, from 
the resulting equation for K˜r. The basis choice can largely be characterized by the order 
of vanishing of each ξi at the identity element. This leads us to conclude that, up to 
scalar multiples, we should take the basis choice
ξ˜0 = (1ξ0 + 0ξ1 + 0ξ2)ξ43 + · · · ,
ξ˜1 = (0ξ0 + 1ξ1 + 0ξ2)ξ43 + · · · ,
ξ˜2 = (0ξ0 + 0ξ1 + 1ξ2)ξ43 + · · · .
The determination of ξ˜3 is a little more involved. The resulting quintic forms are too 
large to reproduce here, but we have made them available electronically at [5]. We can 
then ﬁnd the quartic satisﬁed by these quintic forms, and read the equation of C˜r, up 
to a quadratic twist, from its Kummer surface equation. We can then ﬁnd the correct 
twist by applying the map to a member of Jr(Q). This gives the following result, shown 
in the Maple ﬁle at [5].
Theorem 4. Let Cr be as described by Lemma 3. Then J˜r = Jr/Σ is the Jacobian of the 
genus 2 curve
C˜r: y2 = λ˜1G˜1(x)2 + H˜1(x)5 = λ˜2G˜2(x)2 + H˜2(x)5,
where G˜1(x) = x2+100r2(15 +4
√
5), G˜2(x) = x2+100r2(15 −4
√
5), λ˜1 = 25r(−5 +2
√
5), 
λ˜2 = 25r(−5 − 2
√
5), H˜1(x) = x − 10r
√
5, H˜2(x) = x + 10r
√
5. The curve Cr is deﬁned 
over k, and there is a (5, 5)-isogeny φ : Jr → J˜r, deﬁned over k with kernel 〈T1, T2〉. The 
dual isogeny φ˜ : J˜r → Jr has kernel 〈T˜1, T˜2〉, where
T˜1 = [
(
10r
√
5, 2000r2
√
10r(−5 +
√
5)
)− ∞],
T˜2 = [
(−10r√5, 2000r2
√
10r(−5 −
√
5)
)− ∞].
5. Isogeny descent
Galois cohomology associates with an isogeny
0 → J [φ] → J φ→ J˜ → 0
between abelian varieties over a ﬁeld k an exact sequence
0 → J˜(k)/φJ(k) γ→ H1(k, J [φ]) → H1(k, J).
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rable closure ksepv and identify Gal(ksepv /kv) with a relevant decomposition group inside 
Gal(ksep/k). This allows us to consider restriction maps resv: Hi(k, .) → Hi(kv, .). Writ-
ing γv for the relevant connecting homomorphism over the base ﬁeld kv, this allows us 
to deﬁne the Selmer group
Selφ(J/k) = {δ ∈ H1(k, J [φ]) : resv(δ) ∈ imγv for all places v of k}. (5)
The Selmer group contains the image of γ. If this containment is strict then part of the 
Selmer group represents non-trivial elements in X(J/k). To be precise, we have
0 → J˜(k)/φJ(k) → Selφ(J/k) →X(J/k)[φ] → 0.
Therefore, the computation of Selmer groups can be used to exhibit non-trivial elements 
in Tate–Shafarevich groups.
Lemma 5. Let Cr and C˜r be as in Lemma 3 and Theorem 4, with Jacobians Jr, J˜r, and 
(5, 5)-isogenies φ : Jr → J˜r, φ˜: J˜r → Jr. Then there is a homomorphism
q: J˜r(k)/φJr(k) −→ ((k[t]/(t4 + 10rt2 + 5r2))∗/((k[t]/(t4 + 10rt2 + 5r2))∗)5)×2
= k
(√
r(−5 + 2
√
5)
)∗
/
(
k
(√
r(−5 + 2
√
5)
)∗)5
×k
(√
r(−5 − 2
√
5)
)∗
/
(
k
(√
r(−5 − 2
√
5)
)∗)5
given by [P1 + P2 − 2∞] → γ(P1)γ(P2), where
γ : (x, y) −→ [y − 5
√
r(−5 + 2
√
5) (x2 + (15 + 4
√
5)100r2),
y − 5
√
r(−5 − 2
√
5) (x2 + (15 − 4
√
5)100r2)].
Similarly
q˜: Jr(k)/φ˜J˜r(k) −→ (k[t]/(t2 − 5r))∗/((k[t]/(t2 − 5r))∗)5
×(k[t]/(t2 − r))∗/((k[t]/(t2 − r))∗)5
= k(
√
5r)∗/(k(
√
5r)∗)5×k(√r)∗/(k(√r)∗)5
is given by [P1 + P2 − 2∞] → γ˜(P1)γ˜(P2), where
γ˜ : (x, y) −→ [y −
√
5r(3x2 − 12rx + 16r2),
y − √r(5x2 − 20rx + 16r2)].
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√
5)∗/(k(
√
5)∗)5 × k(√5)∗/
(k(
√
5)∗)5. The image of q˜ is in the kernel of the norm map to k∗/(k∗)5 × k∗/(k∗)5. 
For any completion kv, we let
jv :
(
(k[t]/(t4 + 10rt2 + 5r2))∗/((k[t]/(t4 + 10rt2 + 5r2))∗)5
)×2
−→
(
(kv[t]/(t4 + 10rt2 + 5r2))∗/((kv[t]/(t4 + 10rt2 + 5r2))∗)5
)×2
and
j˜v : (k[t]/(t2 − 5r))∗/((k[t]/(t2 − 5r))∗)5 × (k[t]/(t2 − r))∗/((k[t]/(t2 − r))∗)5
−→ (kv[t]/(t2 − 5r))∗/((kv[t]/(t2 − 5r))∗)5 × (kv[t]/(t2 − r))∗/((kv[t]/(t2 − r))∗)5
be the natural maps. Let qv be the map on J˜r(kv)/φ(Jr(kv)) and q˜v the map on Jr(kv)/
φ˜(J˜r(kv)), the local versions of q, q˜. Then the Selmer groups can be described explicitly 
as the intersections over v of j−1v (qv(J˜r(kv)/φ(Jr(kv)))) and j˜−1v (q˜v(Jr(kv)/φ˜(J˜r(kv)))).
Proof. This is a direct application of the theory developed in [3] and [6]. 
We take S to be the set of primes consisting of 5 and the primes of bad reduction 
of Cr. By [3, Proposition 9.2], the Selmer groups lie in the subgroups that are unramiﬁed 
outside S. We can represent those using S-units in the above number ﬁelds. Note that, 
for any curve in our family, the descent can be performed using at worst quartic number 
ﬁelds. This already provides us with explicit ﬁnite groups that contain the Selmer groups. 
The remaining conditions come from the local images at v ∈ S (note that R×/R×5 is 
trivial, so the archimedian place does not provide any information). With the explicit 
description of the maps qv and q˜v we can generate elements in their images. Suppose 
now that k = Q. Using [6, Lemma 3.8, Proposition 3.9] we have
#J˜r(Qv)/φ(Jr(Qv))#Jr(Qv)/φ˜(J˜r(Qv)) =
#Jr[φ](Qv)#J˜r[φ˜](Qv)
|5|2p
. (6)
So we know when we have found enough elements to generate the entire image. By 
explicitly computing the restrictions jv and j˜v, we can compute the Selmer groups using 
essentially the deﬁnition in (5).
We now give two examples. The ﬁrst example will illustrate a situation where a 
(5, 5)-isogeny descent gives a rank bound of 0; this is the same as the bound obtained by a 
complete 2-descent, but it only requires easier computations over ﬁelds of smaller degree. 
The second example has a nonzero rank bound for the (5, 5)-isogeny descent (which can 
be shown, using only the easier direction of the isogeny for which only a quadratic number 
ﬁeld is required for the Cassels map), and a rank bound of 0 for complete 2-descent, 
giving a nontrivial element in X(J/Q)[5]. The computations involved in these examples 
are given in detail at the end of the Maple ﬁle at [5].
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C1: y2 = 5(3x2 − 12x + 16)2 + (x − 4)5 = (5x2 − 20x + 16)2 + x5.
Then J1(Q) has a rank bound of 0 using descent via (5, 5)-isogeny.
Proof. For r = 1, we have
C˜1 : y2 = 25(−5 + 2
√
5)(x2 + 100(15 + 4
√
5))2 + (x − 10
√
5)5
= 25(−5 − 2
√
5)(x2 + 100(15 − 4
√
5))2 + (x + 10
√
5)5,
also deﬁned over Q. We note here that the quartic number ﬁeld can be identiﬁed with 
Q(ζ5), and so we shall express our maps in terms of elements of this ﬁeld. The kernel of 
φ : J1 → J˜1 is generated by
T1 = [(4, 16
√
5) − ∞],
T2 = [(0, 16) − ∞].
The kernel of φ˜ : J˜1 → J1 is generated by
T˜1 = [
(
10(1 + 2ζ5 + 2ζ45 ), 4000(2 + 4ζ5 + ζ25 + 3ζ35 )
)− ∞]
T˜2 = [
(
10(−1 − 2ζ5 − 2ζ45 ), 4000(1 + 2ζ5 + 3ζ25 − ζ35
)− ∞]
Then, for r = 1,
q: J˜1(k)/φJ1(k) −→ Q(ζ5)∗/(Q(ζ5)∗)5 × Q(ζ5)∗/(Q(ζ5)∗)5
is given by [P1 + P2 − 2∞] → γ(P1)γ(P2), where
γ : (x, y) −→ [y − 5(1 + 2ζ5 + 2ζ35 )(x2 + 100(15 + 4(1 + 2ζ5 + 2ζ45 ))),
y − 5(1 + 2ζ5 + 2ζ25 )(x2 + 100(15 − 4(1 + 2ζ5 + 2ζ45 )))].
Similarly
q˜: J1(k)/φ˜J˜1(k) −→ Q(
√
5)∗/(Q(
√
5)∗)5 × Q∗/(Q∗)5
is given by [P1 + P2 − 2∞] → γ˜(P1)γ˜(P2), where
γ˜ : (x, y) −→ [y −
√
5(3x2 − 12x + 16),
y − (5x2 − 20x + 16)].
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−1 is trivial modulo ﬁfth powers, so we can replace −ζ5 with ζ5. The primes above 2, 5
are 2, 1 − ζ5, so
im(q) ⊆ 〈[ζ5, 1], [1 + ζ5, 1], [2, 1], [1 − ζ5, 1], [1, ζ5], [1, 1 + ζ5], [1, 2], [1, 1 − ζ5]〉.
Note that the norms from Q(ζ5) to Q(
√
5) of ζ5, 1 + ζ5, 2, 1 − ζ5 are 1, (3 +
√
5)/2, 
4, (5 − √5)/2. After taking into account that the image of q is contained in the kernel 
of the norm map to Q(
√
5)∗/(Q(
√
5)∗)5, we can reduce to 〈[ζ5, 1], [1, ζ5]〉. After taking 
into account that the second component of q is the image of the ﬁrst component under 
ζ5 → ζ25 , we see that in fact
im(q) ⊆ 〈[ζ5, ζ25 ]〉.
The units of Q(
√
5) are generated by (1 −√5)/2 and the primes above 2, 5 are 2, √5, so 
the ﬁrst component of q˜ is contained in 〈(1 −√5)/2, 2, √5〉. These have norms −1, 4, −5, 
so that in fact the ﬁrst component is contained in 〈(1 − √5)/2〉. The second component 
of q˜ is contained in 〈2, 5〉. Hence
im(q˜) ⊆ 〈[(1 +
√
5)/2, 1], [1, 2], [1, 5]〉.
Taking into account that #J1[5](Q) = 5, we already have an a priori bound of 3 on the 
rank.
First consider p = 2. Using Eq. (6) and the fact that #J1[φ](Q2) = 51, and 
#J˜1[φ˜](Q2) = 50, we have
#J˜1(Q2)/φ(J1(Q2))#J1(Q2)/φ˜(J˜1(Q2)) = 51.
Note that substituting x = −2 into the quintic of C˜1 gives −28 ·330 047, which is a square 
in Q2. Let y0 ∈ Q2 be such that y20 = −28 · 330 047 with y0 ≡ 48 (mod 64). Then q2 :
[(−2, y0) −∞] → [ζ5, ζ25 ] and [ζ5, ζ25 ] = [1, 1] in Q2(ζ5)∗/(Q2(ζ5)∗)5 ×Q2(ζ5)∗/(Q2(ζ5)∗)5. 
Hence we have now found all of #J˜1(Q2)/φ(J1(Q2)) = 51 and #J1(Q2)/φ˜(J˜1(Q2)) = 50. 
Also, j2 has trivial kernel and j˜2 has kernel 〈[(1 −
√
5)/2, 1], [1, 5]〉. Hence
j−12 (q2(J˜1(Q2)/φ(J1(Q2)))) = 〈[ζ5, ζ25 ]〉,
j˜−12 (q˜2(J1(Q2)/φ˜(J˜1(Q2)))) = 〈[(1 −
√
5)/2, 1], [1, 5]〉.
At this point, the bound of the rank has been lowered to 2.
We now consider p = 5. Using Eq. (6) and the fact that #J1[φ](Q5) = 51, and 
#J˜1[φ˜](Q5) = 50, we have
#J˜1(Q5)/φ(J1(Q5))#J1(Q5)/φ˜(J˜1(Q5)) = 53.
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be such that (1, y1) ∈ C˜1(Q5). Then q5 maps [(1, y1) − ∞] to a nontrivial element which 
is not even in the image of j5. On C1, note that there is a point (3, y2) ∈ C1(Q5) and 
that q˜5 : [(1, y1) − ∞] → [1, 2]. Also q˜5 : T2 → [(1 −
√
5)/2, 1]. Furthermore, [1, 2] and 
[(1 −√5)/2, 1] are independent in Q5(
√
5)∗/(Q5(
√
5)∗)5 ×Q∗/(Q∗)5. We have now found 
all of #J˜1(Q5)/φ(J1(Q5)) = 51 and #J1(Q5)/φ˜(J˜1(Q5)) = 52. Also, j5 and j˜5 have 
trivial kernel. Hence
j−15 (q5(J˜1(Q5)/φ(J1(Q5)))) = 〈[1, 1]〉,
j˜−15 (q˜5(J1(Q5)/φ˜(J˜1(Q5)))) = 〈[(1 −
√
5)/2, 1], [1, 2]〉.
Taking the intersection of the information at p = 2 and p = 5, we see that im(q) is 
the trivial group, and so J˜1(Q)/φ(J1(Q)) is the trivial group, and im(q˜) is contained in 
〈[(1 − √5)/2, 1]〉, and indeed these are equal, since q˜ : T2 → [(1 −
√
5)/2, 1]. We ﬁnally 
deduce that #J1(Q)/5J1(Q) = 51, and #J1(Q)[5] = 51, so that the rank is 0. 
The same result can also be obtained by performing a 2-descent, for example using 
Magma [1], which requires working over a degree 5 number ﬁeld.
For the next example, we do not ﬁnd completely the Selmer bound for the 
(5, 5)-isogeny, but we do enough to show that the bound is nonzero, and deduce the 
existence of 5-part of X by comparison with a complete 2-descent, for which the rank 
bound is 0. We ﬁrst require the following technical lemma.
Lemma 7. Let p be prime, satisfying p ≡ 1 or 4 (mod 5), and p ≡ 3 (mod 4), and 
let 1 = a + b
√
5p, with a, b ∈ Z and a, b > 0, be a fundamental unit of Z[√5p ]. Let 
w0 ∈ Q5 satisfy w20 = p (such w0 exists, since p ≡ 1 or 4 (mod 5)). Suppose that 
(w50 − w40
√
5p )/2 = i1 in Q5(
√
5p )∗/(Q5(
√
5p )∗)5, for some i = 1, . . . 4, that a is odd, 
b is even, and that a is a quadratic residue mod p. Then the rank bound on Jp(Q) from 
descent via (5, 5)-isogeny is nonzero.
Proof. The bad primes here are: 2, 5, p, ∞. Consider whether the element [1, 1] can be 
in the image of q˜.
First note that [1, 1] is in the kernel of j˜∞ and so [1, 1] cannot be disqualiﬁed by 
local arguments at inﬁnity.
Let f(x) = x5 − 1, considered over Q2(
√
5p ). Then, since a is odd and b is even, 
we have |f(1)|5 < 1 and |f ′(1)|2 = 1, and so f(x) has a root in Q2(
√
5p ) by Hensel’s 
Lemma. This means that 1 ∈ (Q2(
√
5p )∗)5, so that [1, 1] is in the kernel of j˜2 and 
cannot be disqualiﬁed by local arguments at 2.
Now, let g(x) = x5−1, considered over Qp(
√
5p ). Since a is a quadratic residue mod p, 
there exists v0 such that v20 ≡ a (mod p). Then |g(v0)|p < 1 and |g′(v0)|p = 1, and so 
g(x) has a root in Qp(
√
5p ) by Hensel’s Lemma. This means that 1 ∈ (Qp(
√
5p )∗)5, so 
that [1, 1] is in the kernel of j˜p and cannot be disqualiﬁed by local arguments at p.
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T2 = [(0, 16p2
√
p) −∞] ∈ Jp(Q(√p)) has an image in Jp(Q5), namely [(0, 16p2w0) −∞] ∈
Jp(Q5), which is mapped by q˜p to [(w5 − w4
√
5p )/2, 1], which we are given to be the 
same as [i1, 1], for some i = 1, . . . , 4. Hence again, [1, 1] cannot be disqualiﬁed by local 
arguments at 5.
Since also Jp[φ](Q) and J˜p[φ˜](Q) are the trivial groups, it follows that the rank bound 
from descent via (5, 5)-isogeny is nonzero. 
Example 8. Let J11 be the Jacobian of the curve
C11 : y2 = 5 · 11(3x2 − 12 · 11x + 16 · 112)2 + (x − 4 · 11)5
= 11(5x2 − 20 · 11x + 16 · 112)2 + x5.
Then J11(Q) has a nonzero rank bound using descent via (5, 5)-isogeny, and a rank bound 
of 0 via complete 2-descent, and so there is a nontrivial element of X(J11/Q)[5].
Proof. Here p = 11 and the fundamental unit for Q(
√
55 ) is 1 = a +b
√
55 = 89 +12
√
55, 
which satisﬁes: a odd, b even, and a = 89 is a quadratic residue mod 11. Let w0 ∈ Q5
be such that w20 = 11, and choose w0 ≡ 1 (mod 5). Note that then w0 ≡ 56 (mod 53). 
Consider h(x) = x5 − 21(w50 − w40
√
55 ). Then |h(56 · 18 + 15√55 )|5 ≤ 5−3 (as can be 
seen, just using the approximation 56 for w0) and |h′(56 · 18 + 15
√
55 )|5 = 5−1, so by 
Hensel’s Lemma, 21(w50 − w40
√
55 ) ∈ (Q5(
√
55 )∗)5, giving that w50 − w40
√
55 = 31 in 
Q5(
√
55 )∗/(Q5(
√
55 )∗)5, as required. Hence by the previous lemma, [1, 1] represents a 
nontrivial element in the Selmer group, and the rank bound on J11(Q) from descent via 
(5, 5)-isogeny is nonzero.
On the other hand, performing a descent via 2-isogeny one obtains a rank bound of 0, 
so that there must exist a nontrivial element in X(J11/Q)[5]. 
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